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Kanap KeyanmikaeBaHblH
«MyJIbTHCAIMAKTHI TYBIHABLIBI KeHicTikTepai EHTi3y 2KoHe 0J1apaAbIH
KOJJAHBICTAPBI» ATThl AHCCEPTANHIIBIK JKYMbICHIHA
MIKIP

OyukIHOHANABIK KeHICTIKTI Taijay acipece MareMaTuKaHbIH JmddepeHIHaNIbIK KIHE
MHTErpaIBIK  TEHJIEYJNep CHAKTh OGipHelie canamapbiiia  ©3¢KTi  Oonbin  TaObulaibl.
DYHKIHOHAIIBIK KEHIiCTIKTEP/1i 36pTTEy e MbIHA MACeIe/Iep OTE MaHBI3/Ibl: €HII3y TeopeManapsl,
OPTYpIli METpUKAaarhl Tike jkaHe Kepi eHrizy Teopemachl, (ZYHKLMAIApUbl XKybIKTay Macereci
MKIHE COJT CHAKTHL.

Byt Typreiia aneduerrep ore ayKbIM/Ibl, MYH/IA TEK 3€PTTEIIN KaTKaH JUCCEPTaIUsIIBIK
AKYMBICTBIH  TaKpIpbiObiHa  GaliaHbICTBl  MaTeMaTHKTEpAi aTan KeTedik. Atan anTKaH/a,
T.H. Amanos, O.B. becos, B.W. Bypenxos, B.I1. MUneun, JIJI. Kynpssnes, 1. W. JIuzopkun,
B.I'. Mazsa, C.M. Hukonsckui, E.JI. Hypcynrtanos, M. Otenbaes, X. Tpudeis sxane 1.6.

DOyHKUMOHAIIBIK KeHicTikTepaiy iminjge canMmakThl (YHKIHOHAIABIK KEHIiCTIKTep ap
TYPJl CHHTYJSPNBIK INEKapalbIK €cenTepil Tangay YHliH Kojainasl 6osbim  Tabbiiajibl.
Kapactripbuibin oThiprad auccepranns auddepenunanaay peri ap Typii keibip canvakrapsl 0ip
— Bipinen e3retue Gonran dyHKIHOHANIBIK KeHicTikTepre apHanran. XKanap Keynumikaepa e3iHin
JIHCCEPTALHANBIK JKYMBICHIH/A KApacThIPbI OTHIPFaH aiimak, JKapTel ec 6osranja, an camMakrap
MHTEPBAJIIBIH LIETKI HyKTenepinjge 0 MeH +oo-Te asrblHjlaiFrad JKaraiaa GyHKIHSHBIH HeKapa
MaHaibIHAAarbl ©3repy KyObLIBICHIH 3€pTTEreH.

Jincceprauus yiu GejiMHeH Typabl.

Bipinmi 6enimae J1.JI. KynpsBuesTin njesnapbida cyiieHe oThIpbin, 0 koHe +o0-Te
(QyHKIMS MeH OHbBIH MYJBTHCAIMAKTHI TYbIH/bUIAPKIHBIN 1ICKAPAIbK MOHJEPiH KeJiecieii
Tycinjipyre Goyiazpl. 7 -peTTi MYNBTHCAIIMAKTBI TYBIHBUIAPEl HOJTE afHATATHIH, CBHI3BIKTEI
Tayencis (pyHKmMsnap OKyHeciHeH KypbUIFaH KeNMyILIeNiKTi KapacTelpambis. Erep ochbl
KONMYIIE/iK MeH KapacThPbUIaThIH KEHICTIKTerl (yHKIMs alpipMachiubiy, Oapiblk peTTi
MYIBTHCAIMAKTBI TYBIHABUIAPBIHBIH LICTL, apr'yMEHT HOJIIC HEMeECEe LOEeKCI3JIKKE YMThUIFaH1a
HOJITe JKHHaKTalca, OHAAa (YHKIMS HONJAe HeMece MICKCI3AIKTe KONMYIIETiKKe IIbFaibl
(TypaxTanajpl) AeN aWThUIA1bL. Enji, erep MybTHCAIMAKTEl TYBIHABUIBI KeHiCTIKTer! QyHKIHS
HOIC HEMece MIEKCI3KTe KenMmyilere mibikea (Typakraica), oHZa Oy/l KenMyLICHiKTiH
koa(puupenTTepi QYHKIMAHBIH HONACT HEMece IHEKCI3AIKTEr «IIeKapasIbIky MIHAepl Dok
caHaJia/bl. \
Byn Genimzae JMOKTOPAaHT KeHICTIKTIH opbip (bym.(mmcm HKQIFBI3  KOMMYLIEITIKKe
WILIFYBIHBIH  (TYPAKTANYBIHBIH) MYIBTHCAIMAKTAD TEPMHHIHE KAKETTI JKOHE DKETKUIIKTI
WAPTTAPLIH ANFAH JKOHE JIe KenMyluenikke WBIFY  HKBUUAMABIFBIH Gat‘“em.ura_u. Opl  Kapaii,
CHHIyJSpiIbIK  HYKTEIEpAEri IICKAPAIBIK  MOHICPI  KOJAAHBUTBIN,  KCHICTIKTIH  HOPMACKIHA
KBUBATICHTT] (PYHKIIMOHAI AP OPHATBUIFAH. 2l _

JlokropanT exinuti 60iiMIe MYJIbTHCAIMAKTLL TYLIHABLIEL KEHICTIKTEPAIR apackIHarsl
y3iniccis jKoHe KOMIAKTBUIbI CHYIHIH KKETTi HOHE IKETKUIKTI HAPTTAPLi LILIHFAH ncmjc
‘byl'“(lll’lﬂﬂapﬂblll apaubm M}’J]I:‘I'HCEU!MEI.K’I'I:I Tybl]llll:llllll)lal CaJIMAaKIIeH Oaralanian. CoHbIMEH



carap JOKTOPaHT HHKOﬂbCKHﬁ—ﬂu'mpknn-l{ynpﬂucn TUTITI TEHCI3LT OPBIH ;
jonesiereH. g
AKBIPITbI APATLIKTArbI Hukonbekuii-Jlusopiun tencismiri Men menenvere
Ky/psiBICE TEHCI3IT a3FbIHANFAH JJUTMITHKAJIBIK TeHIeyiep yiin m.éxa an e ?p-@h“?mm
Macencnepiﬂﬂc MaHBbI3/IbI POJI aTKapajbl. | i v
JludppepeHunanianaTeil - GYHKIMATAPABIH  canMaKThi  KeHicTikrepinmeri  duuurri
ynKuHsIap zKHblelell-l TYHBIKTAIYbIH CHTIATTAY, CalIMaKThl ()YHKIUMAIAD/IBIH cmlr‘y:;l[t:: I
Jenreiiine DaitlaHbICThl OOJIBIC MIEKApachl MaHalbIHarbl (YHKIMsIAP/IBIH 03repy K!F'()I;] =.3c.,::
CHNATTAHTHIH MAHBI3/BI MOCEE 00BN TAOBLIA/IBI JKOHE AIBIHFAH HOTHIKEIIEP J.LH(IJ(hcpeHm;aJUlbm
TeruieyJiep s LHeKapfflﬂblf{ ecenTepﬂi KOIO Macejie/iepit HeLyre KOMeKTeceIl. | |
JlokTOpaHT YIIIHIIL OemiMIe MYyIbTHCAIMAKTHI TYBIH/BUIBI KEHICTIKTErl (uHHTTI
(yHKUHMSIAP KHBIHBIHDIH T;Li«’ibll{'r'fmz_lcmﬂ curnarrarad oHe (PUHHUTTI QYHKIMAIAD HKUbIHBIHbIH
MyJTBTHCAIIMAKTBL TYBIHBUIbI KEHICTIKTE ThIFbI3/IbIFbIHBIH KaXKETTI JAHE MKETKUTIKTI [apTTaphl
anpmFad. Erep  (DMHHUTTI GyHKUMATAP JKHUBIHBL THIFBI3 OONMaraH JKarjaijia, oap/biH
TO/IBIKTAMACHI epHF',KTeﬂiH, KEHICTIKTED CeHKec IKMBIHHBIH TYHBIKTAMAChl MEH OHBIH
TOBIKTAMACHIHBIH TiKE KOCBIHIBICHI €KEHI KOPCETUIreH.
JluccepTauMsiHbIe, - Herisri  HoTwkenepi  Oofibiima 10 JKyMbIC KapHATAHTaH: 5 KypHai

maxkamachl (2 Makaia Scopus 0aszachiHa ereTin 6Gackuibivaa; 3 makana KP BFM bECBK yceimran
KypHAILIAP/IA); 5 TE3UC XANBIKAPAIBIK FhLIBIMA KOH(epeHIHs MATEPHAIaPbIH/IA KaPHsIAHFaH.

Jloxtopant JKanap KeynnmkacBaHbiH «MynbTHCATIMAKTBI  TYBIHBLIBI KeHICTIKTepl
QHTI3y JKOHE OJIAPIAbIH KOJI@HBICTAPLD) ATThl AHCCEPTALMAIBIK KyMbichl OOHBIHIIA aJlFaH
HOTHKENEPiHiH FBUILIMM MaHBI3AbUIBIFEL MEH KaHAMbLIIbIEGL (punocodus joxropsl (PhD)
Japexkecin Gepy epexesiepiHiH TalanTaphii TObIK KaHaraTTAR/BIPabI Kkane aBTop «6D060100-
MaTeMaTHKAa» MAMaHABIFE! 60iibiHIa GHIOCOQHS AOKTOPSI (PhD) mopeskecin ajyra 1aibIKTbl ACTI

ecenTeiMIH.

Ianoga, 15 maycbim, 2021 Kbl

Maccumo Jlanua ae KpucrodopHe



DIPARTIMENTO DI MATEMATICA

&5 3%

ViAa TRIESTE, 63 - 35121 PADOVA (PD) - ITALY /;:(.' 5 ,.J}g} UNIVERSITA
Prof. Massimo Lanza de Cristoforis (3 {) | 5] DEGLI STUDI
phone: +39-049-8271372 - fax: +39-049-8271204 \?\’o v iS) DI PADOVA
email: midec@math.unipd.it 0\

Review of the PhD dissertation
"Embeddings of spaces with multiweighted derivatives and their applications”
by Zhanar Keulimzhayeva

The analysis of function spaces is particularly relevant in several areas of Mathematics such as differential
and integral equations. Particularly important are issues such as embedding theorems, direct and inverse
trace theorems and the problem of approximation of functions.

The literature in this sense is vast, here we only mention some of the major contributors whose work is
related to that of the disseratation under review. Namely, T.I. Amanov, O.V. Besov, V.I. Burenkov, V.P. Ityin,
L.D. Kudryavtsev, P.. Lizorkin, V.G. Mazya, S.M. Nikolskii, E.D. Nursultanov, M. Otelbaev, H. Tribel, etc.

Among function spaces, the weighted function spaces turn out to be suitable for the analysis of boundary
value problems with various types of singularities. The dissertation under review is focused on function
spaces with different weighs for different orders of differentiation. In her dissertation, the candidate Zhanar
Keulimzhayeva has analyzed the boundary behavior of a function in case the domain is a real semi-axis
and the weights can degenerate to 0 at the endpoaints 0 and +oco.

The dissertation consists of three chapters.

In the first chapter, following the ideas of L.D. Kudryavtsev, one can interpret the boundary values of a
function and of its derivatives at the endpoints 0 and +oo as follows. One considers a polynomial in a
number of linearly independent functions, whose multiweighted derivatives of the n-th order vanish.

If all multiweighted derivatives of the difference of this polynomial and a function from the space tend to
zero when the argument tends to zero or infinity, then the function is said to stabilize to the polynomial at
zero or at infinity.

Now, if a function from the space of multiweighted derivatives stabilizes to a polynomial at zero or at infinity,
then the coefficients of this polynomial are considered to be the "boundary* values of the function at zero
or at infinity, respectively.

In this chapter, the carididate proves necessary and sufficient conditions for weight functions in order that
each function of the space is stabilized to some unique polynomial, and provides estimates for the rate of
stabilization to a polynomial.

Next, the candidate introduces functionals that depend on the boundary values at the singular points and
that are equivalent to the norm of the space.

Inthe second chapter, the candidate proves a weighted estimate for the intermediate multiweighted deriva-
tives and necessary and sufficient conditions for weight functions so that continuous and compact embed-
dings between spaces of multiweighted derivatives hold.

The candidate also proves conditions on the weight functions in order thaty an inequality of the Nikol'skii-
Lizorkin-Kudryatsev type is valid.

Note that the Nikol'skii-Lizorkin inequality on a bounded interval and the Kudryavtsev inequality on an
unbounded interval have played an extensive role in the formulation of boundary value problems for de-
generate elliptic equations.

Descriptions of the closure of a set of bounded functions in a weighted space of differentiable functions is
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an important problem that enables to understand the behavior of a function near the boundary of the do-
main depending on the singularity type of the weight functions and the results obtained in the dissertation
help to formulate boundary value problems for degenerate differential equations.

In the third chapter, the candidate describes the closure of a set of bounded functions in a domain in the
space of multiweighted derivatives and proves necessary and sufficient conditions for the weight functions
in order that the set of compactly supported functions is dense in the space with multiweighted derivatives.

If the set of bounded functions is not dense in the space, then the whole space is represented as a direct
sum of the closure of the set of bounded functions in the domain and of its complement.

The results of this dissertation have resulted into the publication of ten papers: five journal articles (two
in a Scopus indexed journal and three in journals that are recommended by the Committee for Control in
Education and Science of the Ministry of Education and Science of the Republic of Kazakhstan), and five
in proceedings of international scientific conferences.

I believe that the scientific relevance and novelty of the results obtained by the candidate Zhanar Keulim-

zhayeva on the theme “Embeddings of spaces with multiweighted derivatives and their applications” in her

dissertation satisfy all the requirements of PhD dissertations presented to the Doctoral degree and that

me tiE:uthor deserves to be awarded the title of Doctor of Philosophy (PhD) in the specialty “6D060100-
athematics”.

Padova, 15 June, 2021

A

Massimo Lanza de Cristoforis




Y,IIOCTOBCPHTCHBHEIH HAIMUCH O 3aCBUAETENECTBOBAHHH NOJUTHHHOCTH [NEpEBOAHUHKA

OchI Ky)KaTThl aFbUIIIBIH TUTIHEH Ka3aK TuTiHe aynaprad baitMeH Mennip Mycaksizsl
/nepeBoa AOKYMEHTa C aHIIHIACKOrO A3bIKa HA Ka3aXCKHMiH S3bIK BBIIOIHEH MEPEBOITHKOM

Baiimen Meuiip Mycaksi3bl.

Aynapmauibiabii Kostsy/Iloanuch nepeBoaIuKa
&;4 (i—u.u:w&n /09”{‘;?“1]" ~/{1!!! c.nqm({n

2021 spurer 27 tamei. Hyp-Cyrran kamacel. Men, [laynerkynosa Manuna
CnsimosHa, Hyp-Cynitan KanachIHBIH HOTApPHYCEHI (2010_ wbUEbl 15 KaHrapaa Kasakcran
Pecrybnmkacsl Ojiter MHHUCTPIIriHiH TipKey KbI3METI XoHE KYKBIKTBIK KOMEK KOpceTy
Komareri tapansman 15.01.2010 xbuisr Gepinren Ne 0002841 memieKeTTiK JIMLUEH3M), OCHI
KOIlipMe KYXKaTThIH TOJHYCKACHIMEH  JYPBICTBIFBIH  KYdNAHJIBIPJIBIM. Cogr‘gcr;mua
TA3apTHUTBII OITIPLIreH, KOCHUIBIT JKA3BUIFAH, CRI3BUIFAH CO3/IEP JKOHE 3T ¢ KeMCUIMEreH
Ty3eTynep Hemece Kannaif na 6ip epexmenikrep Gosran oK. Maran Genriii ayjapManisl
baiimen Menuip Mycakpi3bl KOJBIHBIH TYIHYCKAIBIFBIH KYaJIaHIBID/IBIM. pre.m(a Ko
KOIOIIBIHBIH JKeKe O6achl AHBIKTANIBL, OpeKeT KabineTTinri JXoHE OHBIH OKUIETTUIIr
TEKCepiIAi.

27 asrycra 2021 roaa, ropog Hyp-Cynran S, [aynerxynosa Mamuna CnsmosHa,
HoTapuyc roposia Hyp-Cynran, rocynapcreennas ymuensus  Ne 0002841, seinana Komurerom
PETHCTPAIMOHHOM CiyOB1 1 OKka3anus npasoBoi nomorm Mununcrepersa Octuiyu PecnyGimaku
Kazaxcran 15 smBaps 2010 roma, cBHAETENHCTBYIO BEPHOCTH 3TOH KONHH C INOIITMHHHKOM
ZokyMeHTa. B mociesmeM HOAMMCTOK, NpPHIMCOK, 3aYEPKHYTHIX CIOB M WHBIX
HEOTOBOPCHHBIX HCIPABICHHH WM KaKuX-MHOO ocoOeHHOCTeH He okasanoch. IIpu 3Tom
CBH/ICTETILCTBYIO TIOJUTHHHOCTE MOJIIHCH, C/IENTaHHOMH H3BECTHLIM MHE HEPEBOAYHKOM Baitmen
Meuzip Mycaxpi3b. JIHUHOCTS €€ yCTAHOBIIEHA, 1EECIIOCOBHOCTD H IOIHOMOYHS IIPOBEPEHEI.

Ne6809 risimiMre Tipkeni/3aperucTpapoBano B peectpe 3a Ne6809
Tenennwi584/1547tenre/Onnageno584/154 7renre
Horapuyc




